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ABSTRACT 

The dynamic r e s p o n s e  of  t h i n  e l a s t i c  c o n i c a l  s h e l l s  s u b j e c t  t o  b l a s t  

l o a d  is fo rmula t ed  acco rd ing  t o  membrane t h e o r y .  The s o l u t i o n s  a r e  o b t a i n e d  

by t h e  t e c h n i q u e  of  s e p a r a t i o n  o f  v a r i a b l e s  w i t h  P o i s s o n ' s  r a t i o  n e g l e c t e d .  



NOMENCLATURE 

A l l  symbols a r e  d e f i n e d  i n  the  t e x t  where t h e y  f i r s t  appea r ,  and some 

o f  t h e  major  symbols a r e  l i s t e d  below: 

a b  

E 

n’ n 

e 
X X ’  ee e 

h 

Nxx’ Nee 
P 

a n ’  Pn 

a 

P 

V 

W n ’  Gn 

G e n e r a l i z e d  F o u r i e r  c o e f f i c i e n t s  

Modulus of  e l a s t i c i t y  

S t r a i n  components 

Th ickness  o f  s h e l l  

Length of  s h e l l  

L i n e a r  d i f f e r e n t i a l  o p e r a t o r s  

I n d i c e s  

S t r e s s  r e s u l t a n t s  

T r a n s i e n t  p r e s s u r e  

Peak o v e r p r e s s u r e  

Weight f u n c t i o n  

T i m e  

D u r a t i o n  o f  t r a n s i e n t  p r e s s u r e  

Disp lacement  components 

C o o r d i n a t e s  

S e p a r a t i o n  c o n s t a n t s  

Hal f  a p i c a l  ang le  

Mass d e n s i t y  o f  m a t e r i a l  

P o i s s o n ’ s  r a t i o  

C i r c u l a r  f r e q u e n c i e s  



INTRODUCTION 

A t h e o r e t i c a l  s t u d y  o f  t h e  axisymmetr ic  r e s p o n s e  o f  c o n i c a l  s h e l l s  

t o  b l a s t  l o a d  is  p r e s e n t e d  i n  t h i s  i n v e s t i g a t i o n .  The s h e l l  i s  e l a s t i c  and 

homogeneous. Two p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s  which govern  t h e  d i s p l a c e -  

ment components i n  normal and m e r i d i a n a l  d i r e c t i o n s  a r e  d e r i v e d .  The 

s o l u t i o n s  a r e  o b t a i n e d  by use o f  t h e  t e c h n i q u e  o f  s e p a r a t i o n  o f  v a r i a b l e s .  

The govern ing  d i f f e r e n t i a l  equa t ions  a r e  e s s e n t i a l l y  u n s e p a r a b l e .  To 

overcome t h i s  d i f f i c u l t y ,  an  approximat ion  is  made so  t h a t  t h e  e q u a t i o n  of  

m t i o n  f o r  f r e e  v i b r a t i o n  i s  s a t i s f i e d  t o  i t s  mean v a l u e  a long  a g e n e r a t o r .  

The resu l t s  a r e  expres sed  i n  s e r i e s  form. 

Some p r o g r e s s  h a s  been made i n  t h e  a n a l y t i c  t r e a t m e n t  of  t h e  r e s p o n s e  

of  c y l i n d r i c a l  and s p h e r i c a l  s h e l l s  t o  b l a s t  l o a d ;  it appea r s  t h a t  v e r y  

l i m i t e d  work on t h e  c o n i c a l  s h e l l  has been p r e s e n t e d .  The i n v e s t i g a t i o n s  

made by Bluhm [~,.],Herrmann and M i r s k y  [8] a r e  good f o r  c o n i c a l  s h e l l s  w i t h  

s m a l l  a p i c a l  a n g l e  1 .  
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FORMULATION OF THE PROBLEM 

The axisymmetr ic  r e s p o n s e  o f  a t h i n  c o n i c a l  s h e l l  under  b l a s t  l o a d  w i l l  

b e  fo rmula t ed  based  upon e l a s t i c  membrane s h e l l  t h e o r y .  The m e r i d i a n a l  

l i n e s  and p a r a l l e l  c i r c l e s  w i l l  be used  as  t h e  c o o r d i n a t e  sys t em (x ,  8 )  

a s  shown i n  F i g u r e  (1) .  

by Timoshenko [14], a r e  used .  

o f  t h e  s t r u c t u r e ,  t h e  d i sp lacemen t  o r  motion i s  independen t  of  c o o r d i n a t e  8 .  

Fur thermore ,  no s h e a r s  e x i s t  on the  m e r i d i a n a l  l i n e s .  

The u s u a l  assumpt ions  f o r  t h i n  s h e l l s ,  such  as  g i v e n  

Due t o  symmetry o f  l o a d i n g  and t h e  geometry 

By summing f o r c e s  i n  x and normal d i r e c t i o n s  ( F i g u r e  ( l ) ) ,  t h e  e q u a t i o n s  

o f  motion a r e  found t o  be 

2 

Pn 
Ne e = ph Rw 

a t2 
x t a n  a 

where v and w a r e  r e s p e c t i v e l y  t h e  components of  d i s p l a c e m e n t s  i n  t h e  x and 

normal  d i r e c t i o n s .  

t i o n s .  N 

d i r e c t i o n s .  p i s  t h e  mass d e n s i t y  o f  t h e  m a t e r i a l .  

px and pn a r e  components o f  l o a d i n g  i n  t h e  x and n d i r e c -  

and Nee a r e  s t r e s s  r e s u l t a n t s  i n  t h e  x and c i r c u m f e r e n t i a l  xx 

The s t r e s s ,  s t r a i n ,  and d isp lacement  r e l a t i o n s h i p s  a r e  

- a ! L  - 
a x  e xx 

1 
ee  X 

= - ( v  - w c o t  a) e 
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F i g u r e  1. Coord ina te  System and Symbols. 
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where e and e a r e  components o f  s t r a i n  i n  x and 8 d i r e c t i o n s ,  r e s p e c t i v e l y .  

E i s  t h e  modulus o f  e l a s t i c i t y  and v i s  t h e  P o i s s o n ' s  r a t i o .  

xx  ee 

S u b s t i t u t i o n  of  Equa t ions  ( 4 a )  and (4b )  i n t o  Equa t ions  (1) and ( 2 )  y i e l d s  

t h e  fo l lowing  gove rn ing  d i f f e r e n t i a l  e q u a t i o n s :  

2 
2 P n ( l  - v ) 

a t2 
- t a n  a a.w 2 w 1 - v  1 

Eh t a n  a Y a v  v 
E x a x + ~ - ~ c o t a  = P( 

X X 

The p o s s i b l e  boundary c o n d i t i o n s  a r e  a s  f o l l o w s :  

1. Closed Cone: 

v (o ,  t )  i s  f i n i t e  

2 v (x2 ,  t )  = 0 i f  suppor t ed  a t  x = x 

t=t 

v ( x ,  0 )  = E (x ,  0 )  = w ( x ,  0 )  = 8 ( x ,  0 )  = 0 



2. Trunca ted  Cone: 

Case I .  Suppor ted  i n  x - d i r e c t i o n  a t  b o t h  ends .  

( a )  With z e r o  i n i t i a l  d i sp l acemen t s  and v e l o c i t y  

V ( X l ,  t )  = v(x2 ,  t )  = v ( x ,  0 )  = E ( x ,  0 )  = 0 

( b )  With i n i t i a l  d i s p l a c e m e n t s  and z e r o  i n i t i a l  v e l o c i t y  

V ( X l ,  t )  = v(x2 ,  t )  = E ( x ,  0 )  = E ( x ,  0 )  = 0 

~ ( x ,  0 )  = F ( x ) ,  w(x, 0 )  = G(x) (6b 1 

2 
Case  11. Suppor ted  i n  x T d i r e c t i o n  a t  x = x and f r e e  a t  x = x 1 

( a )  With z e r o  i n i t i a l  d i sp l acemen t s  and v e l o c i t y  

[& t ( v  - w c o t  a)] = o  
x=x2 a x  x 
t”t 

v(x2 ,  t )  = (x, 0 )  = v ( x ,  0 )  = 0 a t  

w(x, 0 )  = E ( x ,  0 )  = 0 

( b )  With i n i t i a l  d i s p l a c e m e n t s  and z e r o  i n i t i a l  v e l o c i t y  

= o  x=x, [B t ; (v  - w c o t  a)] 
a x  

L 

1 t=t 

v ( x ,  0) = F(x) 

w(x, 0) = G(x)  

5 



S i n c e  t h e  shock wave f r o n t ,  i n  g e n e r a l ,  t r a v e l s  w i t h  v e r y  h igh  speed ,  it 

i s  r e a s o n a b l e  t o  assume t h a t  t h e  b l a s t  l o a d i n g  f u n c t i o n  v a r i e s  w i t h  r e s p e c t  

t o  time on ly .  S i n c e  

t h e  r i s e  time tr i s  u s u a l l y  s h o r t ,  t h e  r e l a t i o n  between f o r c e  and time may 

be approximated b y t h e  fo l lowing  cont inuous  f u n c t i o n s :  

The a c t u a l  l o a d i n g  f u n c t i o n  i s  shown i n  F i g u r e  ( 2 a ) .  

o r  

P 

which a r e  shown i n  F i g u r e  ( 2 b ) .  

t h e  peak o v e r p r e s s u r e .  

t is t h e  d u r a t i o n  o f  t h e  load  and p is  
d 0 

6 
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F i g u r e  2. Load-Time Relation. 
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ANALYSIS 

For  a s i m p l e r  c a s e ,  c o n s i d e r  P o i s s o n P s  r a t i o  t o  be  s m a l l  and t h u s  

n e g l i g i b l e  and t h e  l o a d i n g  a s  normal t o  t h e  s u r f a c e .  

t i a l  Equat ions  ( 5 a )  and (5b )  t h e n  r e d u c e  t o  t h e  f o l l o w i n g  form: 

The govern ing  d i f f e r e n -  

2 
W P a v  a V + I ~ - L + - c o t a  2 = 

2 2  X E a t 2  a x  x a x  x 2 

- V - - W c o t  a = - t a n  a t P - t a n  a 
X X 

Eh E a t2 2 2  

Th.e honogeneous s o l u t i o n ,  n e g l e c t i n g  t h e  f o r c i n g  f u n c t i o n ,  w i l l  be  s o u g h t  

f i r s t .  By adding  E q u a t i o n s  ( 7 a )  and ( 7 b ) ,  we o b t a i n  

a2w 
E a t 2  E a t2 

U + L &  2 - P U + P t a n a  2 
- 

2 
a x  x a x  

E q u a t i o n s  ( 8 a )  and t h e  fo l lowing  e q u a t i o n  w i l l  be  u s e d  f o r  s e e k i n g  

homogeneous s o l u t i o n s :  

- v - - w c o t  a = 
X X E a t 2  

t a n  a a2w 2 2  

F o r  p o s s i b l e  s e p a r a t i o n  o f  v a r i a b l e s ,  t h e  homogeneous s o l u t i o n s  a r e  

assumed i n  t h e  f o l l o w i n g  form: 

n=O 

8 



n=O 

S u b s t i t u t i o n  o f  E q u a t i o n s  ( 9 )  and (10) i n t o  E q u a t i o n  ( 8 a )  y i e l d s  

For E q u a t j o n  (15 )  t o  be  s e p a r a b l e ,  we t a k e  

d2Vn dVn 
+ - -  

2 x dx  dx 
2 P v  = o  t p n E  n 

(13) 
t a n  a Wn = - an 2 -  Vn - - - Vn 

2 -  2 d 3  

d t 2  
2 + P n g n  = a 

d t  

wh.ere p and an a r e  s e p a r a t i o n  c o n s t a n t s .  a i s  p e r c e c t l y  a r b i t r a r y  s i n c e  

we may t a k e  
n n 

- 
- - 'n 

gn 2 
ani 

- 

and 

- 2 -  
'n - an 'n 

E q u a t i o n  (10) i s  t h u s  reduced  t o  

9 



n =O n=O 

I t  i s  s e e n  t h a t  t h e  c o n d i t i o n  shown i n  Equat ion  (13) w i l l  n o t  s a t i s f y  

Equat ion  (8b) . .  Th i s  i n d i c a t e s  t h a t  t h e  gove rn ing  d i f f e r e n t i a l  Equat ions  (8a )  

and (8b)  a r e  e s s e n t i a l l y  unsepa rab le .  To overcome t h i s  d i f f i c u l t y ,  Equa t ion  

(8b )  may be  r e p l a c e d  by an e q u i v a l e n t  c o n d i t i o n  based  on a p h y s i c a l  p o i n t  o f  

view.  I t  is  known t h a t  Equa t ion  (8b )  r e p r e s e n t s  t h e  e q u a t i o n  o f  motion o f  an 

i n f i n i t e s i m a l  e lement  of  t h e  s h e l l  i n  t h e  normal d i r e c t i o n .  We w r i t e  t h e  

e q u a t i o n  o f  motion f o r  an e lement  a long  t h e  t o t a l  l e n g t h  o f  a g e n e r a t o r  a s  

t h e  c o n d i t i o n  e q u i v a l e n t  t o  Equat ion ( 8 b ) ,  i . e .  

S u b s t i t u t i o n  o f  Equa t ions  (9), ( l o a )  and (13) i n t o  Equa t ion  (15)  y i e l d  

We s h a l l  u s e  t h e  a b s o l u t e  va lues  o f  t h e  i n t e g r a n d s  t o  e v a l u a t e  t h e  

i n t e g r a l s  shown i n  Equat ion  ( 1 6 ) .  

o f  t h e  s h e l l ,  g ,  w i l l  be  i n t e r p r e t e d  a s  t h e  mean v a l u e s  o f  t h e  f u n c t i o n s  , 

under  t h e  i n t e g r a l s .  

The i n t e g r a l s  when d i v i d e d  by t h e  l e n g t h  

Equa t ion  (16)  t h u s  r educes  t o  

10 



where 

x2  

x, E 
J’ x V n  sgn  Vn dx 

I - - 
qn 

JX2 - v n sgn  V n  dx 
x x  1 

T h i s  approximat ion ,  Equa t ions  ( 1 5 )  t h r o u g h  (18), w i l l  mean t h a t  Equa t ion  (8b)  

i s  s a t i s f i e d  t o  i t s  mean v a l u e  a long  a g e n e r a t o r .  

E l i m i n a t i o n  o f  g n ( t )  between Equa t ions  (14) and (17 )  y i e l d s  

(19) 
d2fn 

- - -  - 
2 d2fn 

d t 2  d t 2  
a f n  - Pn qn - - pn c o t  d4f  n 2 2  2 d2fn  

- c o t  a - 
d t 2  ‘In d t 4  

o r  

where  

2 2  pn c o t  a 

qn  
- 

Hn - 

The g e n e r a l  s o l u t i o n  o f  Equa t ion  (19) becomes 

11 



I -  

- 
f = A cos  w n t  t B s i n  w t + C c o s  W t + E s i n  w' t 

n n n n n n n n 

where 

and 

a r e  two n a t u r a l  f r e q u e n c i e s  a s s o c i a t e d  w i t h  each  n .  T h i s  f a c t  h a s  a l s o  

appeared  i n  t h e  d i s c u s s i o n s  g iven  by Baker  [2]  and Lamb [ lo ]  f o r  s p h e r i c a l  

s h e l l s .  

g n ( t )  may be  o b t a i n e d  by s u b s t i t u t i n g  Equa t ion  (22 )  i n t o  (17); we have 

2 2 
g n ( t )  = ( q n  wn - c o t  a)(An C O S  w n t  + Bn s i n  writ) 

-2 - c o t  2 a)(Cn cos  G n t  + En s i n  E n t )  
+ (qn un  

I t  i s  s e e n  t h a t  Equat ion  (12) i s  t h e  s t a n d a r d  form f o r  Bessel 's  e q u a t i o n  

o f  zero  o r d e r  w i t h  s o l u t i o n  

V n = ^AnJo(j3, x) + n o  Y (pn 4 x) (24) 

12 



where Jn and Yn a r e  Bessel 's  f u n c t i o n  of  f i r s t  and second k ind ,  r e s p e c t i v e l y .  

I f  t h e  s h e l l  forms a c l o s e d  cone, 6 m u s t  be  z e r o  s i n c e  v shou ld  b e  n 

f i n i t e  a t  x = 0. 

boundary c o n d i t i o n  a t  x = x 

The e i g e n v a l u e s  P may be  g e n e r a t e d  by a p p l y i n g  t h e  geomet r i c  n 

2' 

Case  I .  Suppor ted  c o n d i t i o n ,  v(x2, t )  = 0 from Equat ion  (22) 

and t h e  r o o t s  a r e  

- 
P,J; x2 = 2.405, 5.520 .... 

Case 11. F r e e  end c o n d i t i o n  CE (x2,t) = 0 which l e a d s  t o  
a x  

and t h e  r o o t s  a r e  

pn  8 x2 = 0, 3.832, 7.016 .... 

F o r  a t r u n c a t e d  c o n i c a l  s h e l l ,  geomet r i c  boundary c o n d i t i o n s  l i s t e d  i n  

Equa t ion  ( 6 )  w i l l  be  a p p l i e d  t o  Equat ion (24) i n  o r d e r  t o  de t e rmine  P n  and 

t h e  r a t i o  of in t o  gn. 

13 



Case  I .  The c o n d i t i o n s  v ( x  , t )  = v ( x  , t )  = 0 l e a d  t o  t h e  f o l l o w i n g  

homogeneous a l g e b r a i c  e q u a t i o n s :  

1 2 

.- 
I- I 

= o  

For n o n - t r i v i a l  s o l u t i o n s ,  t h e  d e t e r m i n a n t  o f  t h e  c o e f f i c i e n t  

m a t r i x  must v a n i s h .  Hence, 

and 

i3 n 

Case  11. The c o n d i t i o n s  v ( x 2 , t )  = av ( v t )  = o r e s u l t  i n  
a x  

and 



The s o l u t i o n s  o f  Equa t ions  (27)  and (28) w i l l  g i v e  t h e  e i g e n v a l u e s  P n .  
The f i r s t  s e v e r a l  r o o t s  o f  Equat ion ( 2 7 )  and (28) can  b e  found i n  [l] o r  

[9] .  

i n v o l v e d  i n  t h e  Equa t ion  (24) behave ve ry  much l i k e  t r i g o n o m e t r i c  f u n c t i o n s .  

This  phenomenon can be  r e v e a l e d  from Equat ion ( 1 2 )  

I t  i s  a g e n e r a l l y  known f a c t  t h a t  f o r  l a r g e  x, t h e  Bessel f u n c t i o n s  

d2Vn dVn 

dx  dx 
- + - -  + p ; ; v n  = 0 2 x  

By a change o f  v a r i a b l e  of  t h e  form 

Equa t ion  (16a)  i s  t r a n s f o r m e d  i n t o  

d*Un 2 P  1 2 + (p, - 2) un = 0 
dx X 

I f  t h e  v a l u e s  o f  x a r e  l a r g e  we may assume 

and n e g l e c t  it i n  Equa t ion  ( 2 9 a ) .  

b e  

The s o l u t i o n  of  Equa t ion  ( 2 9 a )  i s  s e e n  t o  

15 



The e i g e n v a l u e s  pn  f o r  t h e  t w o  c a s e s  shown i n  Equa t ion  (6) a r e  

Case I .  

and 

Case 11. 

and 

p, = 
c 

where = x - x Equat ion (30) w i l l  be v a l i d  f o r  t r u n c a t e d  

c o n i c a l  s h e l l s .  

2 1' 

S u b s t i t u t i o n  o f  Equa t ions  (22)  and (24) o r  ( 2 2 )  and (30) i n t o  Equa t ions  

( l o a )  and (9), t h e  f o l l o w i n g  g e n e r a l  homogeneous s o l u t i o n s  a r e  o b t a i n e d :  

n=O 

t ( q n w n  -2 - c o t  2 a)(Cn cos w n t  + Dn s i n  writ)] 

and 

16 



m 

wc = 1 - Xn(X)(An C O S  writ i- Bn s i n  w n t  + Cn c o s  writ + Dn s i n  Writ) (32b)  

n=O 

where 

o r  

x n ( x )  - - 3 1 CX, c o s ( p n  fi x )  t s i n ( p n  x ) ]  . . . approx (32d) 

i n  which 

= in& 

The p a r t i c u l a r  s o l u t i o n s  w i l l  be  sough t  n e x t .  L e t  = a a t  and 

8 =a be t h e  l i n e a r  o p e r a t o r s .  By e l i m i n a t i n g  v between Equat ions  ( 8 a )  

and (8b) ,  t h e  p a r t i c u l a r  s o l u t i o n  f o r  w i s  t a k e n  a s  

a x  

2 
t a n  a x2 QJ] i- c1 log  x + c2 
E2h a t2 

where  

(33)  

17 



S u b s t i t u t i o n  o f  Equa t ion  (33) i n t o  Equat ion  ( 8 b ) ,  we o b t a i n  t h e  p a r t i -  

c u l a r  s o l u t i o n  f o r  v 

2 2 2 a w  

a t2 
t a n  a 2 X 

E w c o t  a - - t a n  a p  + Eh v =  
P P ( 3 5 )  

C and C w i l l  b e  de te rmined  by s a t i s f y i n g  t h e  geomet r i c  boundary 1 2 

c o n d i t i o n s  f o r  v a t  b o t h  ends of  t h e  s h e l l .  

The p a r t i c u l a r  s o l u t i o n s  a r e  t h e n  expanded i n t o  t h e  f o l l o w i n g  ser ies :  

v = an xn (x )  
P 

n=O 

and 

w = bn  c o t  a Xn(x)  
P 

n =O 

where r2 r (x )V  X (x )dx  
P n  

X I  I a =  r2 r (x )Xn(x )dx  2 

1 X 

r2 r(x)W X (x )dx  
P n  

X I  I b =  
2 n sx2 r ( x ) X n ( x ) d x  

1 X 

18 



where r ( x )  i s  t h e  weight  f u n c t i o n .  

g e n e r a l i z e d  F o u r i e r  c o e f f i c i e n t s ,  a r e  f u n c t i o n s  o f  t .  

I t  shou ld  be  noted  t h a t  an and bn, t h e  

The f i n a l  s o l u t i o n s  o f  v and w a r e  o b t a i n e d  by combining Equa t ions  (32a)  

t o  (35a )  and (32b) t o  ( 3 5 b ) , r e s p e c t i v e l y ,  Or, 

al 

w = 1 - c o t  a x ~ ( X ) ( A ~  cos  w t + B~ s i n  writ 
n=O 

1;1 

+ C c o s  is t + D s i n  Grit - bn) n n n 

and 

al 

v = 1 Xn(x)[qnwz - c o t  2 a ) (An c o s  w n t  + Bn s i n  writ) 
n=O 

+ ( q n w n  -2 - c o t  2 a ) ( ~ ,  cos Z n t  + D, s i n  Writ) + a,] 

( 3 7 4  

The f o l l o w i n g  i n i t i a l  c o n d i t i o n s  w i l l  be  used t o  d e t e r m i n e  t h e  unknown 

c o e f f i c i e n t s  An, Bn,  C8, and Dn: 

v ( x , o )  = I% ( x , o )  = w(x,o)  = ( x , o )  = 0 (38) a t  a t  

By app ly ing  c o n d i t i o n s  l i s t e d  i n  Equa t ion  (38) t o  Equa t ions  (37a )  

and (37b) ,  we o b t a i n  

( 3 9 4  ‘ 9 -  n 2 -2 
’In(wn - w,) 
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bn(0)(qnw: - c o t  2 a) t an(0)  

c =  n 2 -2 
t ~ n ( ~ n  - wn) 

Dn 

From Equat ion  (22a )  and (22b) ,  it is  s e e n  t h a t  

2 -2 
w n  - w F JK‘ - 4 Hn n n 

The r e sponse ,  a f t e r  t h e  shock wave h a s  passed  t h e  s t r u c t u r e ,  w i l l  be  

co 

w = C -co t  a x (X)(A’ c o s  w t + BA s i n  w t n n n n 
n =O 

+ c: C O S  int t D; s i n  Writ) 

and 

n =O 

t (qG2 - c o t  2 a)(c; c o s  in t  t D: s i n  writ)] 
. n  
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The unknown c o e f f i c i e n t s  w i l l  be de t e rmined  by u s i n g  t h e  known c o n d i t i o n s  I 

21 



EXAMPLE 

For  i l l u s t r a t i v e  pu rposes ,  an example f o r  a t r u n c a t e d  c o n i c a l  s h e l l  w i t h  

b o t h  ends suppor t ed  i s  p r e s e n t e d  h e r e .  The boundary c o n d i t i o n s  shown i n  

Equa t ion  ( 6 a )  a r e  t h u s  used .  The fo l lowing  d a t a  a r e  c o n s i d e r e d :  

x = 1.5 x a = Tc/4 2 1' 

P = P o ( l  - t / t d )  

The s o l u t i o n s  o f  Equa t ion  (27)  t a b u l a t e d  i n  [ 9 ]  i n d i c a t e  t h a t  

where l, = x - x T h e r e f o r e ,  t h e  homogeneous s o l u t i o n  shown i n  Equat ion  

(32d)  w i l l  be  used .  

2 1' 

The p a r t i c u l a r  s o l u t i o n s f o r  t h i s  c a s e  w i l l  be  t a k e n  as  

2 
w = 2 (Y + t1 l o g  x + C2)p0(1 - t/td) 

P 

and 

2 

P Eh 12  

where  

- - 

2 2  
x1 - x2 

x1 

( 4 3 4  

12  log  f 
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and 

and 

x2 2 l o g  x - x1 2 l o g  x2 
- 1 - 

1 

2 

c2 - X 
12 lQq] - 

X 

I t  i s  s e e n  from Equa t ions  (43a)  and (43b)  t h a t  

a t  td 

From Equa t ion  (18), we have 

X 

E lip2 x s i n  k . X  s g n ( s i n  y) dx E & ,  

i n  which t h e  i n t e g r a l  i nvo lved  i n  t h e  denominator  w i l l  b e  t a k e n  i n  t h e  

f o l l o w i n g  form: 

2m-1 c o s  
- L co 

r 2 ’ s i n  E& & dE; = m ! ( k )  [ 
m = l  5 1  E; 
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The se r ies  shown i n  Equa t ion  (46b) conve rges  r a p i d l y  and i f  o n l y  t h e  f i r s t  

term i s  c o n s i d e r e d ,  Equa t ion  (46a) i s  approx ima te ly  equa l  t o  

e 5nL 

j =1 

From Equa t ions  (21) and (22 ) ,  w e  have 

and 

By use o f  Equa t ions  (32d) ,  (36) and ( 4 3 ) ,  t h e  F o u r i e r  c o e f f i c i e n t s  an and bn 

become 



dx nn x (7 + el log  x + c 2 )  Jx s i n  - x 2  - 

x1 

BO t b = - (1 - t) 
n EhC L 

o r  

- - 
x l o g  x s i n  - nnx dx} ( 4 8 b )  bPo t 1 c2 + c1 J X 2  1/2 

.t 
b = - k 5 l 2 ( l  - -){ hn t 2 kn 

td  .t7/2 x 1 
n Eh 

where  

fi {- - 8  cos 3 n n  + LFG cos  2nn 

nn x 
L 

3/2 ‘2 

1 
k = (i) J x1/2 s i n  - dx n X 
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i n  which C i s  t h e  F r e s n e l ' s  i n t e g r a l  and i s  t a b u l a t e d  i n  [S I .  

t = 0 i n t o  Equa t ion  (48)  we have  

S u b s t i t u t i n g  

- 61,5'2 '[ - 
a n ( o )  - Eh 12 n h t 2 k n  c2 + - 5 Jx2 x1/2 l o g  x s i n  - ndx dx] (49a )  c 

c7'2 x 1 

The t r a n s i e n t  r e s p o n s e  i s  t h e n  de te rmined  by s u b s t i t u t i n g  Equa t ions  (44.) 

t h r o u g h  (49) i n t o  Equa t ion  (39)  and t h e n  (37) .  

r e a d i l y  b e  de t e rmined  by use of  Equat ion  (41). 

The r e s p o n s e  f o r  t > t can  d 
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CONCLUDING REMARKS 

The gove rn ing  d i f f e r e n t i a l  equa t ions  were made s e p a r a b l e  w i t h  approximat ion .  

The n a t u r a l  f r e q u e n c i e s  w n  and En c o r r e s p o n d i n g  t o  s p e c i f i c  modes a r e  t h e r e f o r e  

n o t  e x a c t .  I t  i s  o f  i n t e r e s t  t o  no te  t h a t  t h e r e  e x i s t s  two n a t u r a l  f r e q u e n c i e s  

co r re spond ing  t o  each  mode. T h i s  f a c t  i s  t r u e  f o r  t h e  e x t e n s i o n a l  v i b r a t i o n  

f o r  s p h e r i c a l  s h e l l s  a s  d i s c u s s e d  i n  [2] and [ lo ] .  No e x a c t  s o l u t i o n  o r  

expe r imen ta l  d a t a  seemed t o  be a v a i l a b l e  a t  t h e  p r e s e n t  time i n  o r d e r  t o  

e v a l u a t e  t h e  e r r o r ,  due t o  t h e  approximat ion  made i n  t h e  a n a l y s i s ,  i nvo lved  

i n  t h e  p r e s e n t  s o l u t i o n .  The method o f  s o l u t i o n  p r e s e n t e d  i n  t h i s  s t u d y  i s  

s t r a i g h t f o r w a r d .  However, t h e  s o l u t i o n s  expres sed  i n  se r ies  form appear  t o  

b e  l e n g t h y  when numer i ca l  r e su l t s  a r e  needed.  High speed  e l e c t r o n i c  computers  

may b e  e f f i c i e n t l y  employed f o r  t h i s  purpose .  S i n c e  t h e  r e s p o n s e  o f  one c a s e  

may look  e n t i r e l y  d i f f e r e n t  from t h e  o t h e r  c a s e  even f o r  two i d e n t i c a l  s h e l l s ,  

i f  t h e  d u r a t i o n s  o f  t h e  l o a d  a r e  d i f f e r e n t ;  hence,  no numer i ca l  example i s  

p r e s e n t e d  i n  t h i s  pape r .  
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